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ABSTRACT. The bordism of orientation preserving differentiable in-
volutions is studied by use of the signature-like invariant ab: 0.(22) -
Wo(Z25 Z). The equivariant Witt ring Wo(Z,; 2) is calculated and is shown
to be isomorphic under ab to the effective part of 04(22). Modulo 2 re-
lations are established between the representation of the involution on
H2k(M4k; Z)[torsion and xq(F) and Xo(F), where x,(F) is the Euler char-
acteristic of those components of the fixed point set with dimensions con-
gruent to / modulo 4. For manifolds of dimension 4k +2, it is shown that
Xo(F) = x5(F) =0 (mod 2). Finally the ideal Ey(Z,; 2) consisting of those
elements of Wo(Z,; Z) admitting a representative of type II is determined.

In this paper we give some results arrived at in studying the relation be-
tween Wy(Z,; Z) and the bordism ring of orientation preserving differentiable
involutions 04(Z,).

The paper takes the following form. The equivariant Witt ring Wy(Z,; Z)
is defined and its relevant facts are discussed in §1. In §2 we define the Atiyah-
Bott homomorphism ab: 0,,(Z,) — Wy(Z,; Z). This homomorphism plays a
role in the study of 0,(Z,) analogous to the role the signature plays in studying
closed oriented manifolds. Consistent with this analogy, we show that ab com-
pletely determines 0,(Z,). To do so, we observe that 0,(Z,) = Q, ® 0,(Z,)
in a natural way where 0,(Z,)° consists of those actions of Z, which are ef-
fective. Since §2, is determined by characteristic numbers, the problem is re-
duced to determining 0,(Z,)°. We then prove that ab: 0,(Z,)° — W,(Z,; Z)
is an isomorphism. Finally, in this section we note that if (T, M**) has x,(F) =
0 (mod 2) then there is some (T, N*¥) with no unoriented components in its
fixed point set and ab(7, M*¥) = ab(T,, N*¥). In particular, if (T, M?) has
X2(F) = 0 (mod 2) then it is bordant to a manifold with involution having no
unoriented components in its fixed point set.

§3 establishes a relation between the global invariant H2¥(M*¥; Z)/tor
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and xo(F), x,(F), and trs, where x,(F) is the Euler characteristic of those com-
ponents of F with dimensions congruent to i modulo 4 and ¢rs will be defined
in §1. Since we demand that the action of Z, preserve the orientation of M 4k
it follows that F has components in even dimensions only. To give the relation,
we observe that the representation of Z, on a free finitely generated Z-module
V decomposes into indecomposable summands as

V=Z®..0Z0ZZ)®...022)0Z6...6Z

where the Z summands are fixed under Z,, the action of Z, takes 1 to —1 in
the Z summands, and Z(Z,) has rank 2 with the action interchanging the gen-
erators. Now we decompose H2*¥(M*¥; Z)/tor with the Z, action given by T*
and prove that if 7 is the number of Z summands, s the number of copies of
Z(Z,), and t the number of Z summands, then Xo(F) =r (mod 2), x,(F)=t
(mod 2), and ¢rs is given by reading s modulo 2.

In §4, we prove that for a closed oriented (4n + 2)-manifold with differ-
entiable involution the numbers x,(F) and x,(F) are even. It was previously
known that xo(F) + x,(F) = 0 (mod 2) but the fact that x,(F) = x,(F) =0
(mod 2) was unexpected.

In §5, we determine the ideal E((Z,; Z) which consists of those elements
of Wy(Z,; Z) admitting a representative of type II. Our reason for doing so is the
frequency (cf. [10]) with which highly connected manifolds give rise to inner
product spaces (on their middle dimensional cohomology) of type II. Theorem 14
specifies generators for Ey(Z,; Z) and we show as a corollary that

Wo(Zys DIESZ, 2) =2, © 2,
where the summands are given by the signature of the form modulo 8 and
q(T, V). The multiplicative structure is given by

(sgn V (mod 8), q(T, V)) - (sgn V, (mod 8), q(T, V,))
=(sgn V sgn V, (mod 8), sgn V' sgn ¥,
+sgn Vq(T,, V,) + sgn V 4q(T, V).

At this point, I would like to thank Pierre Conner for bringing this tech-
nique of studying transformation groups to my attention and for numerous
helpful conversations.

1. In this section, we develop the requisite algebra. The results in this
section are due to Pierre Conner.

As a first step, we recall from [11] that W(Z,) = Z, and note that the
exact sequence [11, p. 88] can be modified in an obvious way to give a split
exact sequence 0 — Z L, W(Z(5)) 2 W(Z,) — 0, where 9 is defined in
[11]. Thus M(Z(%)=Z & Z,.
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We now define Wy(Z,; Z) by considering all pairs (Z,, V') where

(1) Vis a finitely generated free Z-module with a symmetric, bilinear and
Z-valued inner product in the sense of [11], and

(2) Z, acts as a group of Z-module isometries. We say (Z,, V) ~ 0 if there
is a Z,-invariant submodule W C V such that W is equal to its orthogonal com-
plement W Furthermore, we say that (Z,, V)~ (Z,, V')if (Z,, V) ®
(Z,, — V') ~ 0. The Witt class of (Z,, V') will be denoted by (Z,, V') and the
collection of all such classes by Wy(Z,; Z). Of course, Wy(Z,; Z) is given the
structure of a ring in the usual way.

In the above definition, it should be noted that the action of Z, is not re-
quired to be effective. It may be further observed with a bit of effort that the
definition given here is the correct extension of the definition found in [11] to
the case where there is a group action on the module. The stability property
is obviated for Z-modules because, if an inner product space over Z with involu-
tion stably splits, then the module itself splits.

Before we state the first result, we need to define a homomorphism

it Wo(Z,3 2) — WZ(H) © WZ().

To do so, we take an element (T, V) and form /. = the elements of V fixed
under T and /_ = kernel Z, where £ =1d + 7. The homomorphism i is now
given by

TN =1, ®ZCA), [I_ © Z(%)])

and is rather easily seen to be well defined and a monomorphism.

PROPOSITION 1. The sequence
0= Wy(Z,: 2) 1> wzew) @ wze) 255 wz,) — 0
is split exact.

Proor. Except for showing Kernel(d + 9) C Image(i), the remarks above
about 7 and the exact sequence 0 — W(Z) — W(Z(%)) -2 W(Z,) — 0 of [5]
make proving exactness trivial. But Kernel(d + 9) C Image(i) is also clear once
we show that ((@, () € Image(i), where () = (2x2 — ) is the generator of the
torsion summand of W(Z(%)). Now let e, and e, be the generators of a free
Z-module with e, -e; =€, "€, =0, e, ‘e, =1, T(e;)=e, and T(e,) =¢,.
Set 7 equal to the rank one submodule generated by e, +e,and I'*equal to the
rank one submodule generated by e, - e,. Clearly, (e, +e,) (e, +e,)=2
and (e, - €;) " (¢, — €;) =—2. So (D =(1) + () and (Y = — (1) + (a) in the
image of i. Thus (@), (@) = (0, (1)) + (= (1), 0) + (1) + @, — (1) + (@) is in the
image of i. It is now easy to find a splitting map for 3 + d.

CoROLLARY 2. Wy(Z,;2)=Z2@Z@2Z,.
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It is now useful to introduce the torsion index. We first observe that a
pair (X, Y) lies in the image of i if and only if X — sgn(XX1) = Y — sgn(YX1).
Now the torsion index is the homomorphism trs: Wy(Z,; Z) — Z, given by the
composition Wy(Z,; Z) — W(Z(4)) > W(Z,) as (T, V) (I, ® Z(%)] H—>
31, ®Z(%)] or equivalently (T, V)~ [I_ ® Z(%)] - d[I_ ® Z(%)].

PROPOSITION 3. An element (T, V) in Wy(Z,; Z) is uniquely determined by
(@) sgn 'V,

(b) sgn(l,) - sgn(l_),

() T, V).

ProoF. Observe that sgn ¥ =sgn I, + sgn I_ and hence (a) and (b)
determine the image of i modulo the torsion in W(Z(}%)) © W(Z(}4)). Now the
remarks above about trs complete the proof.

It will be useful to us in §3 to recount the well-known (cf. [7]) homo-
morphism 3": W(Q) — W(Q/Z), where W(Q/Z) is the Witt group of finite abelian
groups with their inner products taking their values in Q/Z. So let (M, o) be an
inner product space over Q. We form a lattice L in M; that is, a finitely gener-
ated Z-submodule of M such that L =Zx, + ...+ Zx, C M, where the set
{xy» . - . » X} contains a basis for M over Q. We further stipulate that the ele-
ments of {x,, .. ., x;} be chosen so that a(x;, x;) € Z. The dual lattice L¥
is defined by setting L¥ = {r € Mla(r, L) CZ}. It is now easy to show that
M2L* QL and L* = Homy(L, Z). We now define 3": W(Q) — W(Q/Z) by
3'(M, @) = (L*|L) where L*/L has the inner product & given for x¥, x# € L#
by a(x¥ + L, x¥ + L) = p(a(x¥, x¥)), where p: Q — Q/Z is the quotient
homomorphism. We will use the easily verified fact that when 9’ is restricted
to the image of W(Z(})) in W(Q) under inclusion, it agrees with 3: W(Z(%5)) —
WZ,).

2. Here we give a proof that ab: 0,(Z,)° — W,(Z,; Z) is an isomorphism
and cite a complete set of invariants for 0,(Z,)°. This enables us to completely
determine 04(Z,) as was indicated in the introduction.

From [12] we deduce an exact sequence

a 9
0= Q,Z,) = 0,(Z)) — A, — 2,(Z,)) —0,

where Q4(Z,) is the bordism ring of fixed point free orientation preserving
smooth involutions. In [12] Rosenzweig shows that Q,(Z,) = 2,0N,_;
s0 Q4(Z,) = Z and Q4(Z,) = Z,. He also shows that

A=, +2“.:;517‘!,(190(0), BSO(0); ) eapg:sﬂp(w(z), BSO(2); )

® 2 H,(BOM4), BSOM4); ).
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It is easy to see that

p§=5Hp(30(0), BSO(0); ) = @,
and

P+q=1HP(BO(4)’ Bs0(4); Qq) = Hl (80(4)» BS0(4); Qo).
To calculate the latter group as well as the middle summand of A, we recall
that the cohomology exact triangle

H*(BO(2K), BSO(2k)) —=— H*(BO(2K)

N T

H*(BSO(2K))

becomes
H*(BO(2k), BSO(2K)) —=—— Z[P,, ..., P,] + 2+torsion

DN r

Z[?l, cees ?,‘__,, X,, ] + 2-torsion

where P,, € H*™(BO(2k)) is the universal Pontrjagin class. Furthermore *(Py)
=P, for 1 <m<k -1, X, €H*(BSO(2K)) is the Euler class, j*(P,) =

X% x and j* maps the 2-torsion of H*(BO(2k)) onto the 2-torsion of H*(BSO(2k)).
By the universal coefficient theorem H,(BO(4), BSO(4); Z) = torsion part of
H*(BO(4), BSO(4); Z) and this is easily seen to be isomorphic to Z,. It now
remains to calculate Z, +q=31,(BO(2), BSO(2); Qq), which is isomorphic to
H3(BO(2), BSO(2); Z). The free part of H,(BO(2), BSO(2); Z) clearly has rank
one. Its torsion part is isomorphic to the torsion part of H*(BO(2), BS0(2); 2).
Since H3(BSO(2)) = 0, H*(BO(2)) = Z ® Z, and H*(BSO(2)) = Z, it follows
that the torsion part of H*(BO(2), BSO(2); Z) is isomorphic to Z,. We sum up
that A, =Z®Z o Z, ®Z,. The above exact sequence now becomes

0-2—0,z)Sz0z02,02, 22 —0.

Conner [4, (Theorem 4.8)] showed that any torsion class in Q4(Z,) is the image
under 3 of an element of order 2. It is easily shown 0,Z)=Z06z0Z® Z,
and therefore that 0,(Z,)* =Z ®Z ®Z,.

The Atiyah-Bott homomorphism ab: 0,,(Z,) — Wo(Z,; Z) is given by
(T, M*%) — (T*, H2k(Mo%, Z)[torsiony. Our interest here is in ab 1042, )
which we also denote by ab.

THEOREM 4. ab: 0,(Z,)° — Wy(Z,; Z) is an isomorphism.
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ProoF. By our calculations of 0,(Z,)° and W (Z,; Z), it suffices to show
that ab is an epimorphism. This is easily seen (compare the proof of Proposi-
tion 1) by looking at the image under ab of [T, CP(2)], [C, CP(2)] and
[C, CP(2)] - [T, CP(2)] + [d, CP(1) x CP(1)], where T[Z,, Z,, Z,] =
-2,,2,,2,1,Cl2,, Z,, Z,) = [Z,, Z,, Z,] and d(x, y) = (¥, X).

We now observe that 0,(Z,)° is completely determined by standard invari-
ants. First we note that (in the terminology of Proposition 3) sgn(/, ) — sgn(/_)
is equal up to sign to sgn(F ° F), where F is the fixed point set of the manifold
in question (cf. [4]). Alexander has shown [1] that

trs(T*, H*(M*; Z)[torsion) = x,(F) + ¥%(sgn(M*) + sgn(F ° F)) (mod 2),
where x,(F) is the sum of the Euler characteristics of components of F with

dimensions divisible by four. Summing up, we get the next proposition from
Proposition 3.

THEOREM 5. The class of (T, M*) in 0,(Z,)° is completely determined by
(@) sen(M*),

(ii) sgn(F ° F),

(iii) xo(F) (mod 2).

It follows from the above that any representative of the torsion class in
0,4(Z,) must have an odd number of isolated fixed points.

Finally, we apply Theorem 4 to show that a 4 manifold with involution
is bordant to a manifold with involution which has no unoriented components
in its fixed point set if and only if the Euler characteristic of the two dimen-
sional components of its fixed point set is even. The following example shows
that this result is false in other dimensions divisible by four. Namely, take
CP(4) U CP(2) x CP(2) with the involution conjugation U (conjugation x con-
jugation). The fixed point set is RP(4) U RP(2) x RP(2) which vacuously has
Xz =0 (mod 2), but w} # 0. Nothing bordant to this can have an oriented
fixed point set. Cross with CP(2k) with conjugation to get the other dimensions.

THEOREM 6. Given (T, M**) with x,(F) = 0 (mod 2) there exists (T;, N**)
such that ab(T, M*¥) = ab(T,, N*¥) and (T, N**) has no unoriented components
in its fixed point set.

ProOF. Let x,(F) =0 (mod 2). This implies that x(M) = x,(F) (mod 2)
So

trs =x(M) +(1/2)(sgn M+ sgn Fo F) (mod 2)
Ssgn M+ (1/2)(sgn M + sgn Fo F) (mod 2)
=3/2)sgn M + (1/2)sgn Fo F (mod 2)
=(3/2Xsgn 1, +sgnl )+ (1/2Xsgn 1, —sgnl_) (mod 2)
=sgn/_ (mod 2).
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Hence, only certain classes in Wy(Z,; Z) may occur if x,(F) = 0 (mod 2). In
fact, only classes of the form (m, 2n, 0) and (m, 2n + 1, 1) may occur and they
are represented by copies of (T, CP(2n)) and (d, CP(n) x CP(n)).

COROLLARY 7. A bordism class in 0,(Z,) has a representative with no
unoriented components in its fixed point set if and only if x,(F) = 0 (mod 2).

ProoF. First note that x,(F) (mod 2) is a bordism invariant. Then com-
bine the corollary of [1] with our Theorems 4 and 6.

3. We now show how to use the integer representation of an involution
(T*, H**(M**; Z)/torsion) on H2*(M*¥; Z)[torsion to determine the invariants
trs, Xo(F) (mod 2) and x,(F) (mod 2).

According to Reiner (cf. [6]) any involution T on a free Z-module V splits
V into indecomposable summands of the fomZ & ... ®Z®Z(Z,)®...®
2(Z,) 0Zo... @7, where T is fixed on Z summands, 7(1) =— 1 on the Z
summands and each Z(Z,) summand has rank two with T interchanging the gen-
erators. We will be interested in the numbers modulo 2 of copies of Z, Z and
Z(Z,) which appear in the representation.

Recall [5] that q(T, V) is defined to be w(B) — sgn w(BX 1) € W(Q), where
B is obtained by inducing from the inner product on ¥ an inner product on I,
@ Q and setting f(v, w) = %(v, w) for all v, w €I, ® Q. Since w(p) lies in
W(Z(%)), we may as well read this difference in W(Z(4)). Now the fact that sgn
splits the exact sequence 0 — W(Z) — W(Z(%)) 2 W(Z,) — 0 allows us to
interpret q(T, V) as o(w(B)) € W(Z,). To find d(w(B)) we choose the lattice

L=Zx, +...+Zx, +Zp, +Ty)+... + 20, + Ty,)

where the elements x,, . . , , x; are generators of all the Z summands in ¥ and
the y,, ..., y, represent all the copies of Z(Z,). This choice of L is a lattice
in 7. Now consider the diagram

1, 2 Hom, (L, 2)
) - ]

L
where the maps are given by the following:

x fixed, x ——— (x,-),
Ty#ty, Iy +y — KTy +y,-)
Ax, =) W(Ty +y)
)Tc Ty T-I- y
By comparing the image of the embedding of the lattice L (via B) in its dual



328 D. E. GIBBS

lattice Hom,(L, Z) with that of /., we note that the rank of L¥/L as a Z,-vec-
tor space is equal to the number of copies of Z in the representation of V. Now
the next theorem follows from the fact that the class of any inner product space
in W(Z,) is determined by its rank modulo 2.

THEOREM 8. If r is the number of copies of Z occurring in the integer
representation of (T, V), then q(T, V) =r (mod 2).

REMARK. It is seen by a straightforward argument that q(T, V) =
(H\(Z,; V)) € W(Z,). It can also be proved that dimz,(H,(Z,; V)) =t (mod 2).
Given (T *, H*¥(M**; Z)/torsion), Alexander [1] showed that
q(T*, H**; Z)/torsion) = x,(F) (mod 2)
leading to the next corollary.

COROLLARY 9. xo(F) =r (mod 2).

THEOREM 10. The number of copies of Z(Z,) occurring in the integer
representation of (T, V) is congruent to trs modulo 2.

ProOOF. Recall that zrs was given by restricting the inner product on V
to I, extending it to I, ® Z(}%) € W(Z(%)) and then applying 3. By referring
to diagram (1), it is easy to see that under the new embedding of L into
Homy(L, Z), L*|L has rank as a Z,-vector space equal to the number of copies
of Z(Z,) in the representation of (T, ). The argument is then the same as that
of Theorem 8.

Let ¢ be equal to the number of copies of Z occurring in the representation
of (T*, H*¥(M**; Z)/torsion). In the proof of our next theorem, it will be
necessary for us to use the fact that x(F) = Xo(F) + X, (F), where x,(F) is, an-
alogously to x,(F), defined to be the sum of the Euler characteristics of those
components of F with dimensions congruent to 2 modulo 4. This is because
orientation preserving involutions on even dimensional manifolds do not have
odd dimensional components in their fixed point sets.

THEOREM 11. x,(F) =t (mod 2).
Proor. By Poincaré duality, .
x(M**) = rank H**(M**; Q) (mod 2).

Now, since the rank of each copy of Z(Z,) in the representation of
(T*, H**; (M**; Z)/torsion) is two, it follows that

XM*y=r + ¢ (mod 2).
The theorem follows from the fact that
XM**) = x (F) + x,(F) =r + x,(F) (mod 2),
where the first congruence is a known result from Smith theory (cf. [3]).
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4. In this section we establish the fact that in the case of a (4n + 2)-di-
mensional closed oriented differentiable manifold with orientation preserving dif-
ferentiable involution, x4(F) and x,(F) are both even. It is easy to construct
examples showing that this result cannot be improved upon.

The next lemma is crucial to proving the above. We recall that for N27+!
a closed orientable manifold, the semicharacteristic of N2"*! with respect to a
coefficient field F is defined to be

r
0(N2’+1;F) - Z dim HI(NZr‘Fl;F)
i=0
reduced modulo 2.
LEMMA 12. If B***2 s a compact manifold with boundary, then

X(B***?)= 0(28*"*2; Q) (mod 2).

Proor. Consider the following segment of the long exact sequence of a
pair with rational coefficients

) [} o )
.. .= H(B, 9B) > HI(B) —> H'((@B) L HIY (B, 0B) — . . . |
We observe that
dim(H'(B)) = dim(Image §,) + dim(Image o)
and

dim(H*~'(3B)) = dim(Image ¢, _,) + dim(Image 5 ).
It is easy to reduce these two equations to
dim(H'(B)) + dim(H*"*2-Y(B)) + H'~'(3B)
= dim(Image o) + dim(Image o, _ ).
It follows by summing this equation from i = 1 to 2n + 1 that
x(B) + dim(H2"*'(B)) + 0(3B; Q) = dim(Image a,, ) (mod 2). .

Now the fact that dim(H2"*!(B)) = dim(Image a,, , ,) + dim(Image §,,, . ,)
implies that

Xx(B) + 0(3B; Q) = dim(Image B, , ;) (mod 2).
But there is a nonsingular antisymmetric bilinear form induced on the image of

$ DHEIRHI(RANE2 apanta; gy, pan+i(gant2, g

and this shows that the image of 83, , ; has even dimension. The proof is now
complete.
We write our closed oriented differentiable (4n + 2)-manifold M4"*2 with
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orientation preserving differentiable involution T as M*"*2 = w47+2 U N where
N is the normal bundle to the fixed point set and W*"*2 and N share a common
boundary. Now the additivity of the Euler characteristic implies x(M*"+2) =
x(W**2) + x(F). It follows from Smith theory (cf. [3]) that x(M*"*2) +
X(F) = 2x(M*"*2/T). Since M*"*2/T is a rational homology manifold, the
usual argument yielding 2|x(M*"*2) applies to show that 2[x(M*?*2/T). The
fact that 2|x(M***2) implies that x(M*"+2) = - x(M*"*2) (mod 4) and con-
sequently x(M*#"*2) = x(F) (mod 4) from which it follows that 4[x(W*"*?2).
Again from Smith theory x(W*"*2) = 2x(W*"*2/T) which shows that
2lx(W**2/T). We are now prepared to prove our theorem.

THEOREM 13. Let M*"*2 be a closed oriented differentiable manifold
with orientation preserving differentiable involution. Then xy(F) = x,(F) =
0 (mod 2).

PrOOF. Since x(M*"*2) = x(F) = 0 (mod 2), the theorem will follow
from the above remarks by showing that x(W*"*2/T) = xo(F) (mod 2). So
we first observe that

x(W/T) = 6(dW/T; Q) = 0(dN/T; Q) = 6(N/T; Z,) (mod 2)

where the last equality follows from [9]. Now by the Leray-Hirsch theorem
ON/T has the Z,-cohomology of a union of copies of F¥ x RP(4m + 1) and
F¥ *2 x RP(4m + 3). Recall that

o(F?* x RP(2m + 1); Z,) = o(RP(2m + Dx(F**)) (mod 2)
[9]. This shows that 0(dN/T; Z,) = x,(F) (mod 2) and completes the proof.

5. We now consider those elements of Wy(Z,; Z) which admit a repre-
sentative of type II. The ideal of such elements will be denoted by Ey(Z,; Z).
We recall that an element (7, V) in Wy(Z,; Z) = Z ® Z ® Z, can be written as
(sgn V, sgn I, — sgn I_, trs). Our initial observation is that a single copy of the
group ring Z(Z,) with generators x and y where (x, x) = (¥, y) =0 and (x, y) =
1 represents the element (0, 2, 1) € Ey(Z,; Z). It is well known that elements
of the form (8m, 0, 0) also occur in E((Z,; Z). This leads to our next theorem.

THEOREM 14. The ideal E(Z,; Z) is generated additively by elements of
the form (8m, 0, 0) and (0, 2, 1).

Proor. The proof is by elimination of the other possibilities. First ob-
serve that elements of the form (8m, 2k + 1, 1) and (8m, 2k + 1, 0) are not in
Ey(Z,;Z) since sgn I, + sgnI_ =8m and sgn I, — sgn I_ =2k + 1 implies
2sgnl, =8m + 2k + 1 which is impossible. Furthermore, (0, 2, 0) is not in
Ey(Z,; Z). To see this, recall that (0, 2, 0) written in terms of (sgn [, sgn I_,
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trs) is (1, —1, 0) which has its image under i: Wo(Z,; Z) — W(Z(%)) ® W(Z(%%))
in W(Z) ® W(Z). Now observe that for (1, —1, 0) to admit a representative of
type 11, it must do so in each summand independently. But neither summand
has signature divisible by 8 and hence (1, — 1, 0) is not of type II. Having
eliminated (0, 2, 0) automatically eliminates the rest of the possibilities and the
theorem follows.

The techniques of the next proof readily yield that q[(8m, 0, 0)] =
q[(0, 2, 1)] = 0 implying that q(E(Z,; Z)) = {0}. Thus q induces a homo-
morphism on the quotient ring W(Z,; Z)/E(Z,; Z).

THEOREM 15. Wo(Z,; 2)/Eo(Z,; Z) = Zy ® Z, where the summands are
given by (sgn V (mod 8), q(T, V).

ProoF. From Theorem 14, we note that (0, 0, 1) is a representative of
the generator of the Z,-summand. But in this representative sgn / + tsgnl_=
Oand sgn/, —sgn/_ =0 yielding sgn /, =sgn I_ = 0. The fact that sgn I, =
0 means that when we select an orthogonal basis for I, ® Z(%4) (cf. [11, p. 6]),
say (u;) ©...®(u,), n must be an even number. We can further select the
u; so that (u;, u;) is equal to either 2 or 1 in Z(%). Now, by noting that trs is
the image in W(Z,) of this form under the boundary homomorphism and
(T, V) is the image under the boundary homomorphism of % times this form,
one can check that #rs is given by the number modulo 2 of elements u; in the
above designed basis with (4;, ;) = 2, and similarly q(T, V) is given by the
number modulo 2 of basis elements u; with (u,., ;) = 1. Since n is even, it fol-
lows that #rs is equal to g(0, 0, 1) and the theorem then follows from The-
orem 14.

We now determine the multiplicative structure of Wo(Z,; Z)/Ey(Z,; Z).
The task is, of course, to determine q((7, VXT,, V,)). To do so we apply The-
orem 8 to the Reiner decomposition of (T ® T, ¥ ® V,). The result is that

WT®T, V®V,)=qT, Va(T,, V,)
+[sgn V- q(T, Mlsgn V, - q(T, V)] (mod 2).
The terms in the last product occur because the number of copies of Z plus the

number of copies of Z in the Reiner decomposition of (7, V) are congruent to
sgn ¥ modulo 2. The next theorem follows from the above discussion.

THEOREM 16. The multiplication in Wo(Z,; 2)[E(Z,; Z) is given by
(sgn V (mod 8), q(T, V) * (sgn ¥, (mod 8), ¢(T,, V,))
=(sgn ¥V sgn ¥, (mod 8), sgn ¥ sgn v,

+sgn Vq(T,, V) + sgn V q(T, V)
where the last summand is read modulo 2.
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